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Abstract. We introduce the natural and fairly general notion of a subanalytic bundle 
(with a finite dimensional vector space P of sections) on a subanalytic subset X of a real 
analytic manifold M, and prove that when M is compact, there is a Baire subset U of 
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1. Introduction 

In this paper, we introduce the notion of a subanalytic bundle E (generated by a finite 
dimensional space P of global sections) on a (not necessarily closed) subanalytic set X 
inside a real analytic manifold M, as a natural generalisation of real analytic bundles on 
real analytic spaces to the subanalytic setting. We prove (in Theorem l6 . 6l below) that for 
M compact, there exists a Baire subset U of sections in P, such that for s E U, there exist 
tubular neighbourhoods of the zero-locus Z = s^^{Oe) of s in X, i.e. which are homeo- 
morphic to the restriction of the given bundle to Z. To keep the account self-contained 
we recall basic facts about subanalytic sets in §2 and Strong Whitney (SW) stratifications 
(defined by Verdier) in §4. 

We remark here that the main Theorem l6 . 61 would follow from Theorem 1.11 on p. 48 
of [G-M]. However, the proof ('deformation to the normal bundle') sketched in [G-M] 
is incomplete, at least in the generality that it is stated. In this generality, the stratified 
submersion they construct is not proper (as was pointed out by V Srinivas), and hence 
Thom's First Isotopy Lemma is inapplicable. To circumvent this, we have imposed the 
hypothesis of compactness on the ambient real analytic manifold M containing the sub- 
analytic set X, but no compactness assumption on X. Our hypotheses are general enough 
to cover most situations arising in real or complex algebraic geometry (see Example 12.21 
and Remarkl6^. 



2. Subanalytic sets and maps 

Let M be a real-analytic manifold. We will always assume M to be connected, Hausdorff, 
second countable and paracompact. 
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DEFINITION 2.1. 

We say X C M is a subanalytic set of M if there exists an open covering of M («of just 
of X) such that for each t/ G 

p 

XnU = [j{fa{Aiy)-fa{Ai2)), 

i=\ 

where fjj : Nij U for I <i < p and j = 1,2, are real analytic maps of real analytic man- 
ifolds Nij, Aij are closed analytic subsets of A^,,- and fij\Aj- are proper maps (see Proposi- 
tion 3.13 in [B-M] and Definition 3.1 in [Hi]). 

Example 2.2. All real (resp. complex) analytic subsets of a real (resp. complex) analytic 
manifold are subanalytic sets. In particular, (real or complex) algebraic subsets of a (real 
or complex) algebraic manifold (such as projective space, or Grassmannians) are sub- 
analytic sets. Also since subanalytic subsets of a real analytic manifold form a Boolean 
algebra (see (i) of Proposition 12.71 below) all real (resp. complex) analytically (or alge- 
braically) constructible sets in a real (resp. complex) analytic (or algebraic) manifold are 
subanalytic sets. In particular, all (real or complex) affine algebraic varieties are subana- 
lytic in both affine space, and projective space. Real or complex quasiprojective varieties 
are subanalytic sets in the corresponding projective spaces. 

Remark 2.3. A real analytic subset X (subspace) of a real analytic manifold M is a closed 
subset of M by definition. In particular if M is compact, so is X. By contrast, a subanalytic 
set X of a real analytic manifold M need not be closed, and need not be compact even if 
M is compact. 

DEFINITION 2.4. 

Let X cM and Y cNhe subanalytic sets in the real analytic manifolds M,N respectively. 
We say that a map / : {X,M) — > {Y,N) is a subanalytic map if / : X ^ F is a continuous 
map, and the graph 

:= {ix,y) eMxN:xeX,y = f{x)} 

is a subanalytic set inM x A^(see [Ha], 4.1, or Definition 3.2 in [B-M]). Note that although 
the map / is defined only on X, its subanalyticity depends on the ambient M, A^, as we 
shall see in Remark l2!6l below. 

Notation 2.5. If X,M,N are as above, and / : {X,M) iN,N) is a subanalytic map, we 
shall write / : {X,M) N is a subanalytic map, for notational convenience. 

Remark 2.6. The subanalyticity (or analyticity) of a set, or of a map depends on the ambi- 
ent spaces M,N. For example, X = {^}„gn is a subanalytic set in (0,°°), but not in R. In 
the former, it is the zero set of the analytic function sin -, so analytic and hence subana- 
lytic in (0,oo). It is not subanalytic in R because the connected components of its germ at 
in R do not form a locally finite collection (see (viii) of Proposition l2.7l below). 

Similarly, the map ((0, 1), (0, 1)) (R,R) defined by jc i—> sin ^ is clearly subanalytic, 
because its graph F {(x,sin ^) : x G (0, 1)} is an analytic (hence subanalytic) subset of 
(0,1) X R. On the other hand, the same mapping regarded as a map ( (0, 1 ) , R) (R, R) is 
not subanalytic, since F is not a subanalytic subset in R x R. (By (i) of Proposition l2.7l if 



Subanalytic bundles and tubular neighbourhoods of zero-loci 



253 



r were subanalytic in M x M, its intersection with the jc-axis would have to be subanalytic 
in M X R. But this intersection is the set {(^,0)}„gn, which is not subanalytic because the 
connected components of its germ at (0,0) in R x M is not a locally finite collection (see 
(viii) of ProDosition l2.7l below.). 

PROPOSITION 2.7. (Facts on subanalytic sets and maps) 

We collect some well-known facts on subanalytic sets and maps: 

(i) The collection of subanalytic sets of a real analytic manifold M forms a Boolean 
algebra. 

(ii) If f : M ~> N is a proper real analytic map of real analytic manifolds, and X C M 
a subanalytic set, then f{X) is subanalytic in N. In particular, if M is compact, 
the image f{X) is subanalytic. If g : {X,M) —^Nisa subanalytic map and X is 
relatively compact in M, then g{X) C N is subanalytic. 

(iii) IfX C M and Y <Z N are subanalytic, then X xY is subanalytic in M x N. 

(iv) IfX C M is subanalytic, then the diagonal 

Ax := {{x,x) eM xM: xeX] 

is subanalytic in M x M. Thus the inclusion map i ; {X,M) —>■ M is always a sub- 
analytic map. 

(v) Let f : M —> N be a real analytic map of real analytic manifolds. IfX <Z M is a 
subanalytic set, then the restricted map f\x ■ O^t^) ~^ (^i^) subanalytic map. 

(vi) Let f : M ~y N be a real analytic map of real analytic manifolds. If Y C N is 
subanalytic, then (F) C M is subanalytic. 

(vii) The closure X of a subanalytic set X C M is also subanalytic. 

(viii) Let X (Z M be a subanalytic set in a real analytic manifold M. Then each connected 
component ofX is also subanalytic. The collection of connected components ofX 
is a locally finite collection in M. 

Proof. For a proof of (i), see Proposition 3.2 of [Hi] or §3 of [B-M]. 

For a proof of the first statement of (ii), see [Hi], Proposition 3.8. For a proof of the 
second statement of (ii), see the remark after Definition 3.2 in [B-M]. Easy examples 
can be constructed to show that the properness condition cannot be dropped from the 
hypothesis. 

To see (iii), first note that X cM subanalytic implies XxNcMxNis also subanalytic. 
For, in the Definition l2. ll above. one merely takes the open covering ^ x N := {U x N : 
U e "^j, the closed sets Aij xN C N^j x N and the maps fj x idfj : Nij x N ^ U x N, 
which are proper on A,y x since fj are proper on A,,-. Similarly Mx^cMxA^is also 
subanalytic. By (i) above, the intersection X xY ~ {X xN)n [M x Y) is also subanalytic. 
This proves (iii). 

To see (iv), note that by (iii) X xX <zM xMxs subanalytic. The diagonal Am CM x 
M is subanalytic since it is analytic in M x M. The intersection Ax — Am ri{X x X) is 
therefore subanalytic by (i). Since is the graph of the inclusion / : {X,M) M inside 
M X M, it follows that / is a subanalytic map. 

To see (v), we note that the graph of fx in M x N is just the intersection of the graph 
Fy of / and X xN inside M xN. Since Fy is an analytic set in M x A^, it is subanalytic, 
and since by (iii) X xN is subanalytic, their intersection is subanalytic by (i). 
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For (vi), let y C A'^ be subanalytic and let be an open covering of A'^ such that for 
each i[/ G we have 

p 

YC^U = [j{fa{An)-fa{Ai2)), 

i=\ 

where fij : Nij U are real analytic maps of real analytic manifolds Njj, Ay are closed 
analytic subsets of Nij and fij\Aij are proper maps. Now take the open covering 

f-\^):={f-'{U):Ue^} 

of M, and set A',;;- :=Nij x f^^{U), with : Nij — > f^^{U) being the second projection. 
Let Ay =Aij Xj/ f~^{U) (the fibre product, a closed analytic subset of Nij). Observe that 

the restriction to A,-,- of the natural real analytic projection fij : Nij (U), is the 'base 

change' to f^^{U) of the restriction fij\Ajj '■ A,y U, and this last map is given to be 

proper. Hence this restriction /. ..r is proper. It is easily verified that 

f-\Y) nf-\U) = U [MAii)-fi2{Ai2)) 
(=1 

which shows that f~^{Y) is subanalytic. 

For (vii), see the immediate consequences following Definition 3.1 in [B-M], and also 
Corollary 3.2.9 in [Hi]. 

For (viii), see the immediate consequences following Definition 3.1 in [B-M]. (Also 
see Proposition 3 .6 and Corollary 3 .7 . 1 in [Hi] .) □ 

For an analytic subset X inside a real analytic manifold M, there is a structure sheaf, 
making it a locally ringed space. Thus mappings (= morphisms) of real analytic spaces 
are easy to define, and obey the usual functorial properties. For subanalytic sets inside a 
real analytic manifold, we note that there is no such structure sheaf, and the definition of a 
subanalytic map is dependent on the ambient manifold M. Thus the notion of 'subanalytic 
equivalence' of subanalytic sets X cM and Y cN requires some care. We propose one 
such below, which may not be the most general, but is good enough for our purposes. We 
are unaware if this notion exists in the hterature. 

Lemma 2.8. Let M, Mi be real analytic manifolds. Let X <Z M be a subanalytic set, and 
suppose j : {X,M) Mi is a subanalytic map. Suppose there exists a proper real analytic 
map p:Mi^M such that poj = idx. Then 

(i) j :X ^ j{X) is a homeomorphism, and its image Xi := j{X) C Mi is subanalytic in 
Ml. Further X c M is relatively compact if and only ifXi = j{X) c Mi is relatively 
compact. 

(ii) For each subanalytic map f : (Xi,Mi ) ^N,N a real analytic manifold, the compos- 
ite map: 

foj:{X,M)^N 



is a subanalytic map. 
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(iii) For each subanalytic map g '■ {X, M) ^ N,N a real analytic manifold, the composite: 
8°P\x, ■■ {XuMi)^N 
is a subanalytic map. 



Proof. It is clear that y is a homeomorphism, with inverse P\j{x)- Consider the real analytic 
map 

: Ml ^ M X Ml 

z^(p(z),z). 

Also let 

r^' = {{xj{x)) eMxMi : xeX} 

be the graph of j. Since j is a subanalytic map, F/ C M x Mi is subanalytic. 

We claim that the inverse image B-\Tj) C Ml is precisely Xi. For z e 0"'(F/) ^ 
(p(z),z) G F; ^ p{z) G X and z = ip{z) z G Conversely, z — j{x) for x G 

X 0(z) = (po y('«^)7 7(^)) — {x,j{x)) which is clearly in F^-. Hence the claim. Now, 
since is real analytic, and Fj is subanalytic, we have by (vi) of Proposition 12.71 that 
Xi — 0^'(F;) C Ml is subanalytic. This proves the first assertion of (i). For the second 
assertion, note that the continuity of p implies p{Xi) C p{Xi) = X. Since p is proper, it 
is a closed map, and so p{Xi) is a closed set containing p{Xi) = X. Hence X = p{Xi). 
Thus if Xi is relatively compact in Mi, X is relatively compact in M. Conversely if X is 
relatively compact in M, Xi C p^^{X) and p is proper implies that Xi is a closed subset 
of the compact set p^^{X), and hence also compact. That is, Xi is relatively compact in 
Ml. This proves (i). 

To see (ii), let / : {Xi,Mi ) ^ Nhea subanalytic map. Thus the graph 

F/ = {(x,/(x)) GMi xN: xeXi} 
is a subanalytic set. The real analytic map: 

(p X id) : Ml X N ^ M X N 

is proper, since p is proper. But the image 

{p X id) {Tf) = {{p{x),fix)) eMxN-.xeXi} 
^{{pj{y)Jj{y))^MxN: jGX} 
= {{yJj{y))^MxN:y^X} 

the graph of the composite / o j. Since p x id is a proper real analytic map, and 
Fy^ is subanalytic, it follows by (ii) of Proposition 12.71 that this image, the graph 
Tfoj is subanalytic in M x A^, so that f o j : {X,M) N is a subanalytic map. This 
proves (ii). 
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To see (iii), let g : {X,M) N he a subanalytic map. This means that the graph Fg G 
M X is a subanalytic set. Consider the set 

{pxidy^{Tg)n{Xi xN)^{im,n) e Mi xN: {p{m),n) eT^,, mGXi} 
= {(m,n) eMi xN : n = gp{ni), m^X\} 

Since X\ xN is subanalytic in Mi x by (iii) of Proposition 12.71 Yg is subanalytic in 
M xNhy definition, and pxid: Mi xN ^ M xN is real analytic, (iii) follows from (i) 
and (vi) of Proposition l2.7l D 

The above Lemma IZ8l shows that under the hypotheses stated there, the subanalytic 
sets {X,M) and {Xi,Mi) are 'equivalent' in some sense. More precisely, we make the 
following definition: 

DEFINITION 2.9. (Pseudoequivalence of subanalytic sets) 

Let M, Ml be real analytic manifolds, with X C M a subanalytic set and j : {X,M) 
Ml a subanalytic map. If there exists a proper real analytic map p : Mi M such that 
poj = idx, then we say that the subanalytic sets {X,M) and {j{X),Mi ) are subanalytically 
pseudoequivalent. The map j is called a subanalytic pseudoequivalence. We note that X 
and Xi j{X) are therefore a fortiori homeomorphic, and also (i) of the Lemma IZSl 
implies that X is relatively compact in M iff Xi is relatively compact in Mi . 

The prototypical example of such a subanalytic pseudoequivalence of interest to us in 
the sequel is the following. 

Example!. 10. (Graph embeddings). Let X C M be a subanalytic set, and / : {X,M)^N 
a subanalytic map. Assume that N is compact. Set Mi : = MxN, and let j : {X ,M) ^ Mi be 
the graph embedding defined by j{x) = (x,/(x)) forx G X. j is a subanalytic map because 
its graph in M x Mi is the set {{x,x,f{x)) : x G X}, which is precisely the intersection 
of the two subanalytic sets Ax x and M xFf in M x Mi, and therefore subanalytic 
(by Proposition 12. 7f i). (iii), and (iv)). The projection p : M x N ^ M is proper since 
is compact, and thus we have the requirements of Definition 12.91 That is, j : {X,M) — > 
(r^,M X A^) is a subanalytic pseudoequivalence. 



3. Analytic bundle theory 

We review some basic notions of bundles from the real-analytic set-up, with a view to 
generalising them to the subanalytic set-up. 

Suppose that X C M is a real analytic subset (— subspace) in a real analytic manifold 
M. By definition, its germ at each point of M (not just X) is given by the vanishing of 
some ideal, so by definition X is closed in M. Then X comes equipped with a structure 
sheaf £>'x, whose stalk at x G X consists of germs of real analytic functions on X at 
X. It is, by definition, the local ring Gm,xI J'x.x, where Gm.x is the local ring of M at x 
consisting of convergent power series at x G M, and J^x.x is the ideal of functions in &m.x 
vanishing on the germ of X at x. 

Let % :E ^Xhe a real analytic vector bundle of rank k on X. That is, its transition 
cocycles gij : UiCiUj GL{k,'R) are real-analytic functions for all i,j. The sheaf (of 
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germs of analytic sections) of an analytic vector bundle £ on X is a locally free sheaf g 
of modules over the structure sheaf ffx- Global sections of this sheaf are called global 
sections of E. E is said to be generated by a vector space P C <^(X) of global sections if 
the natural sheaf map: 

is a surjective map of i^x-modules. This is equivalent to demanding that the evaluation 
map: 

Ex : P ^ Ex 
s s{x) 

is surjective for all xdX, where Ex is the fibre of E at x. 

It is clear from the cocycle formulation of analytic vector bundles that the natural bun- 
dle operations, such as direct sums, tensor products, homs, duals and puUbacks under 
analytic maps of analytic vector bundles are again analytic. Real analytic sections of the 
real analytic bundle hom(£',F) are defined to be real analytic bundle morphisms. 

DEFINITION 3.1. (Universal exact sequence) 

Let G{n — k,P) denote the Grassmannian of (n — A:)-dimensional subspaces of P, where P 
is a finite dimensional real vector space of dimension n. On G(n — k,P), there is the short 
exact sequence of real analytic vector bundles and real analytic morphisms: 

0^f-k^G{n-k,P)xP-tv''^0, (I) 

where G{n ~k,P) xPis the trivial rank-« bundle on G{n — k,P), y"^*^ is the tautological 
rank- {n — k) real analytic bundle on G{n — k,P) (having fibre V over the point V &G{n — 
k,P)). The bundle V* is the universal quotient bundle of rank k on G(n — k,P). P gets 
identified with the constant sections of G{n — k,P) x P, and the bundle is generated by 
the global sections (0 o s), s G P. 

Indeed, the bundles and morphisms defined above are all real algebraic, and hence real 
analytic. 

Lemma 3.2. {Classifying maps). Let M be a real analytic manifold, and X CM be a 
real analytic subset (= subspace). Let n:E ^Xbea real analytic vector bundle of rank 
k with corresponding sheaf S. Let P be an n-dimensional real vector subspace ofS'{X). 
Then the following are equivalent: 

(i) E — > X is generated by the global sections P. 

(ii) There exists a real analytic map f -.X ^ G{n — k,P) called the classifying map such 
that the pullback of the universal short exact sequence (1) under f yields the short 
exact sequence 

0^f*f-^^XxP^E^Q (2) 
on X. Here e is the evaluation map (x,s) i— > s{x). 
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(iii) There is a real analytic manifold M\ , a real analytic map j : X ^ Mi , and a proper 
real analytic map p : M\ M such that: 

(a) po j = idx andXi :— j{X) is isomorphic to X as a real analytic space via j. 

(b) There is an exact sequence of real analytic bundles on Mi : 

with C generated by a space of global sections equal to P, and such that the 
pullback of the last two terms to X via the analytic isomorphism j is the mor- 
phism of bundles X x P -'^ E ^ Q, defined by evaluation (i.e. e{x,s) — ex{s) 
= 5(x)). 

(In keeping with Definition 12.91 one may want to call j an analytic pseudoequiva- 
lence.) 

Proof. 

(i) =^ (ii). First we note that by choosing a basis of P of real analytic sections {e,}"^[, that 
the maps: 

Ei-.X ^E 

X ^ ej(x) 

are all real analytic, so that the map: 

e:XxP^E 

x,s = ^a,e,-^ Y^ai£i{x) = s{x) 

is also real analytic. In particular, the map . P ^ E defined by ex{s) = £{x,s) is also 
real analytic. 

The classifying map / is now defined as the map x ^ ker where '. P ^ E^ is the 
evaluation map. To show that this map / is real analytic, it is enough to do it locally. Since 
E is analytically locally trivial, we may assume without loss of generality that E is trivial. 
In this case, the map / is just the composite: 

X Shomu {P,R'')^G{n-k,P), 

where 5homK(/',M*) is the open subset of homK(P,M'^) consisting of surjective maps, the 
first arrow is x i-^ e^, and the second arrow is the map L kerL. Since both these maps are 
real analytic, the composite is real analytic. Thus the classifying map f : X ^ G{n ~ k,P) 
is real analytic. So the bundle f*{Y'^^) is a real analytic bundle, and it is clear that its 
fibre is 

(rf"')^ = ker(e,:P^£,). 

Finally, since f *{G{n - k,P) x P) — X x P, and f*(j) — e, we have /*v* ~ E, and (ii) 
follows. 

(ii) (iii). This follows by using the graph of the classifying map f :X ^ G{n — k,P). 
More precisely, let us define Mi ~M x G{n — k,P), a real analytic manifold, and set 

Xi ■.^{{x,y)eMi: y^f{x)}, 
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where / is the classifying map of (ii). Define j :X ^ X\ to be the graph embedding 
i{x) = (x,/(x)). Let p : M\ ^ M be the first projection. Clearly po j = idx- 

That Xi is a real analytic space in Mi is clear from the corresponding local fact, i.e. 
that the germ of the graph Xi, at any point {x,y) £ Mi is defined by the real analytic ideal 
^Xi.{x.y) generated by J^x,x ® 1 ™d (the component functions of) (1 ® v) — (/(«) ® 1) in 
the completed tensor product 

where u and v are local coordinates around x £ M and y E G{n — k,P). The graph embed- 
ding: 

j-X^Mi 

x^ {xj{x)) 

is a real analytic map, with image Xi. Since the first projection p : Mi M provides the 
analytic inverse to j : X ^ Xi, the map j is an analytic isomorphism of the real analytic 
spaces X and Xi. This proves (a). 

If we let p2 '■ Ml G{n — k,P) denote the real analytic map defined by the second 
projection, and set K :— /?27" ^, and C :— p^v'^, we have the /92-pullback of the universal 
exact sequence of Q: 

where £1 := P2^. This is a short exact sequence of real analytic vector bundles on Mi. 
If we pullback this sequence via the real analytic isomorphism j, the fact that P2° j — f 
implies the short exact sequence Q on X. Thus we have the assertion (b). 
(iii) => (i). We pull back the given exact sequence of real analytic bundles on Mi of (iii) 
to X via /'. It continues to be an exact sequence of real analytic bundles on X. If we let 
e denote the pullback morphism j*ei, and set j*C — E, the last two terms of this pulled 
back exact sequence read: 

XxP^E^Q 

which shows that the £ images of the constant sections x ^ {x,s) generate E, and hence 
(i) follows. □ 

Remark 3.3. The equivalence of (i) and (iii) of the above lemma shows that in consider- 
ing analytic bundles generated by global sections on an analytic subset X C M, we lose no 
generality in assuming (up to analytic pseudoequivalence) that such bundles are restric- 
tions of similar (viz. generated by global sections) real analytic bundles on the ambient 
smooth M to X. We will generalise all this to a subanalytic setting in the next section. 

4. Subanalytic bundles and sections 

Let X C M a subanalytic set in M, with M a real analytic manifold. Note that unlike 
analytic subsets, X need not be closed anymore. We need to define 'subanalytic bundles' 
in some reasonable fashion, but are hindered by the fact that there is no structure sheaf for 
a subanalytic space. 

Motivated by the equivalence of (i) and (ii) of Lemma l3.2l of the last section, we propose 
the following: 
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DEFINITION 4.1. 

A subanalytic real vector bundle E of rank k generated by an n-dimensional vector space 
P of global sections on a subanalytic set X C M is the pullback f*v'^, where v'^ is the 
universal rank k analytic quotient bundle on G(n — k, P) defined in Definition 13.11 and 
/ : {X,M) G{n — k,P) is a subanalytic map (see Definition l2.4> . Then, by pulling back 
the last two terms of the exact sequence Q, there is, by definition, an exact sequence: 

XxP^E ^0 
of continuous vector bundles onX. 

Remark 4.2. If X C M is an analytic subset, and £ is a real analytic vector bundle of rank 
k, generated by an n-dimensional vector space of real analytic global sections P, we have 
by (i)=> (ii) of Lemma B .2l that there is a real analytic classifying map f :X ^ G{n — k,P). 
Since X C M is an analytic subset, it is subanalytic in M, and since the graph is an 
analytic space in M x G{n — k,P), it is subanalytic, so that / is subanalytic. Thus (ii) of 
Lemma lT2l shows that the definition above is a generalisation of the real analytic setup to 
the subanalytic setting. 

Example 4.3. (A typical subanalytic bundle). Let X C M he a subanalytic set, M a real- 
analytic manifold, and let ;r : £ ^ M be a real analytic vector bundle generated by a vector 
space P of global real analytic sections. Thus by definition, there is an exact sequence of 
analytic bundles and morphisms: 

MxP^E ^0. 

By the remark above, there is a real analytic classifying map f : M ^ G{n — k,P) such 
that the exact sequence above is the pullback via / of the universal sequence 

G{n-k,P) xP^v'' ^0. 

If one restricts / to X, the restricted map fx ■ {X,M) G{n ~ k,P) is a subanalytic map, 
by (v) Proposition l2.7l Thus the restricted bundle E\x (which is the pullback via fx of the 
above sequence on G{n — k,P)) is by definition a subanalytic bundle generated by global 
sections P. 

Again, motivated by the equivalence of (ii) and (iii) of Lemma IT2I we would like to 
assert that up to a subanalytic pseudoequivalence of X (see Definition 12. the above 
Example l4.3l of a subanalytic bundle generated by global sections P is the only one. More 
precisely, in complete analogy with Lemma l3T2l of the analytic setting in §3, we have the 
following: 

Lemma 4.4. The following are equivalent: 

(i) E is a rank k subanalytic vector bundle on X generated by an n-dimensional vector 
space P of global sections in the sense of Definition \4.1\ above. 

(ii) There exists a real analytic manifold Mi, a subanalytic map j : (X,M) — > Mi and a 
proper map p : Mi —^ M such that: 

(a) poj — idx, and hence j : {X,M) {j{X),Mi) is a subanalytic pseudoequivalence 
in the sense of Definition \2.9\ 
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(b) There is an exact sequence o/real analytic bundles on the real analytic manifold 
Mi: 

with C generated by a space of global sections equal to P, and such that the pullback 
of the last two terms via j to X, is a surjective morphism of bundles X x P ^ E ^ 0. 

Proof. 

(i) ^ (ii). As in Lemma l3T2l set Mi = M x G{n — k,P). By definition of a subanalytic 
map, the graph of the subanalytic classifying map /: 

Xi ■.= {ix,y)eMi: y^fix)} 

is a subanalytic space in Mi . By Example l2.10l the graph embedding: 

j:iX,M)^Mi 

x^ {xj{x)) 

is a subanalytic map. G{n — k,P) is compact, so by Example 12.101 the map j : 
{X,M) {Xi,Mi ) is a subanalytic pseudoequivalence in the sense of Definition 12. 91 

The proof of (b) of (ii) is exactly as in the proof of part (b) of (iii) in Lemma l3T2l and 
therefore omitted. 

(ii) (i). From the given exact sequence of real analytic bundles on Mi : 

O^K — >MixP -^C ^0 (3) 

it follows from (i) and (ii) of Lemma 13.21 that there is a real analytic classifying map 
g : Ml G{n — k,P) (defined by g{x) = C P) such that the above exact sequence is 
the g-puUback of the universal exact sequence Q on G{n ~ k,P). If one composes this 
classifying map with the the subanalytic map j : {X,M) Mi, which is given to be a 
subanalytic pseudoequivalence of {X,M) with {Xi,Mi), we have: 

1. Xi = j{X) is a subanalytic set in Mi by (i) of Lemma l2.8l and 

2. The composite g o j : {X,M) — > G{n — k,P) is a subanalytic map, by (ii) of Lemma 
12.81 (note that g : Mi G{n — k,P) a real analytic map implies that g : {Xi,Mi) — » 
G(« — k,P) is subanalytic by (v) of Proposition]^}. 

Clearly this subanalytic composite map: 

goj:{X,M)^G{n-k,P) 

is the classifying map for the bundle j*K. Thus, letting e := j*ei ~ j*g*^, and taking the 
j* of the last two terms of the given exact sequence (|3} of real analytic bundles on Mi , we 
have the exact sequence 

XxP^E ^0 (4) 

of bundles on X, where E := j*C. Since the exact sequence (|3} is the g-puUback of the 
universal exact sequence Q, the above exact sequence (|4j is the pullback of the last 
two terms of universal sequence Q via the above subanalytic map f '.^ go j : {X,M) 
G{n — k,P). In particular, £ is a subanalytic bundle of rank k generated by the global 
sections P, by Definition l4. II This implies (i). D 
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Remark A.5. In complete analogy with Remark l33l we observe that (ii) of the above 
Lemma says that in considering subanalytic bundles on a subanalytic set X C M, gener- 
ated by a vector space P global sections, we lose no generality (up to subanalytic pseu- 
doequivalence) in assuming that they are restrictions of real analytic bundles (generated 
by the vector space of analytic sections = P) on the ambient smooth M. 

5. Strong Whitney stratifications and transversality 

In this section, we recall some known definitions and results from the theory of stratifica- 
tions of subanalytic sets. The general references for this section are the papers by Verdier 
[Ve] and Hironaka [Hi]. 

DEFINITION 5.1. (The Verdier condition) 

Let M and M' be two locally closed C°° submanifolds of some real finite dimensional 
inner product space E, and such that MHM' — (p, with M' C M. 

The property (w) or Verdier condition (see §L4 in [Ve]) for the pair {M,M') is the 
following: 

For each y e MOM', there exists a neighbourhood U of y in £ and a constant C G 
such that, for all y' eUHM' and x e f/ nM, we have 

5{Ty{M'),UM))<C\\x~y% 

where 5 is the distance between two vector subspaces F and G of E (see [Ve], §1.1) 
defined by 

5{F,G) ~ sup dist(.Ji:,G), 

x€F.,\\x\\ = l 

dist(x, G) being the Euclidean distance (in the given norm || || on £) between x and G in £ 
(viz., d{x,G) = \\n(jL{x)\\). This property is invariant under smooth local diffeomorphisms 
of E, and hence makes sense for M,M' contained in a smooth manifold E. 

Now we can define stratifications and Verdier (or Strong Whitney stratifications). 

DEFINITION 5.2. (Stratification and Strong Whitney stratification) (see [Ve], §2.1) 

Let M be a real analytic manifold, countable at oo (i.e. M is the countable union of compact 
sets). 

A stratification ,y of M is a partition of M as M = UaMa satisfying: 

(SWl) Ma OMp — (p for a ^ j5. Each Ma is a locally closed real analytic submanifold of 

M, smooth, connected, subanalytic in M. 
(SW2) The family Ma is locally finite. 

(SW3) The family Ma has the boundary property: i.e. Ma HMp ^ (j) implies Mp C Ma- 
The Ma are called the strata of the stratification 

A Strong Whitney stratification (or SW-stratification) of M is a stratification M = 
UaMa with the following additional property: 

(SW4) If Ma D Mp and if a ^ ji, then the pair {Ma,Mp) has the property (w) ofKT\ 
above. 
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More generally, if X is a subset of M, we may define a stratification y of X to be 
a partition of X into X = UaXa where Xa satisfy (SWl) through (SW3) above. Simi- 
larly, a Strong Whitney or SW-stratification of X to be a stratification of X having the 
additional property (SW4). Note that all the conditions (such as subanalyticity, real ana- 
lyticity, or the Verdier condition) are required to hold inside the ambient real analytic 
manifold M. 

Finally, we say a stratification of X is finer or a refinement of the stratification if 
each stratum Xa of the stratification isa union of strata X^ of the stratification J^'. 

Remark 5.3. 

(i) The condition (SW4) above is stronger than Whitney's condition (b). See Theo- 
rem 1.5 (due to Kuo) in [Ve]. 

(ii) Since strata are disjoint sets, and constitute a locally finite collection, a compact set 
K C M can intersect only finitely many strata. Otherwise, choose a point in x,- e 
KHMj for each a in some countably infinite index set of strata M,, and observe that 
it will have a limit point x ^ K since K is compact. Every neighbourhood of this x 
will meet infinitely many M,, contradicting local finiteness. In particular, if M itself 
is compact, M is automatically countable at infinity, and the number of strata in any 
stratification of M is finite. 

(iii) If M is SW-stratified as above by strata {Ma}, and X C M is any subset which is a 
union of strata, then X is also SW-stratified (by the strata of which it is a union). 

The following is a key proposition due to Verdier ([Ve], Theorem 2.2). 

Theorem 5.4 (Existence of arbitrarily fine SW-stratifications). Let M be a real ana- 
lytic manifold, and Yp a locally finite family of subanalytic subsets ofM. Then there exists 
a Strong Whitney (or SW)-stratification of M such that each Yp is a union of strata. IfM 
is compact, then the stratification is finite, i.e. the number of strata is finite. 

In particular, for any subanalytic set X cM, there is a SW-stratification of M such that 
X becomes a union of strata, and hence SW-stratified with the induced stratification. Note 
that the assertion for M compact follows from (ii) of Remark l53l above. The analogous 
statement proving the existence of a Whitney-(b) stratification for the above setting is 
Theorem 4.8 of [Hi]. 

DEFINITION 5.5. (Stratified transversahty) (see 1.3.1 on p. 38 in [G-M]) 

Let f : M ^ N he a smooth map of real analytic manifolds. Let X C M and F C be 
SW-stratified subsets, with strata {Xa} and {Yp } respectively. We say that /|;(- : X ^ is 
transverse to Y (denoted by fx Y) if: 

(i) for each stratum XaofX, fx^ : Xa N is a smooth map, and 

(ii) for each stratum Xa of X, and each stratum Yp of Y, the map f^Xa ■ Xa ^ N is trans- 
verse to Yp . 

Note that the above notion does not depend on the analytic, but just the underlying 
smooth structures. 

Lemma 5.6. Let M be a real analytic manifold with a SW-stratification S^, and letX CM 
be a subanalytic set which is a union of strata. Let Xa be the strata of X, and let ,5^x 
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denote this induced stratification ofX. Let N G M be a smooth real analytic submanifold, 
subanalytic in M. Then if the inclusion map i : N M is transverse to the stratification 
S^x, the intersected stratification S^x H ofX HN is defined by 

{M(gp : Map is a connected component ofXa (IN for some a}. 

This stratification ,5^x HA^ defines a SW- stratification ofX C\N. In particular, each Xa H 
is a union of strata M^^ of ,5^x of the same dimension. 

Proof. Since each Xa is subanalytic and locally closed, and being a real analytic sub- 
manifold, is also locally closed and given to be subanalytic, the sets H A^ are subana- 
lytic and locally closed, by (i) of Proposition l2.7l Thus the connected components M^p 
of XaHN are locally closed, and subanalytic by (viii) of Proposition l2.7l Since Xa meets 
A' transversely for each a, the M^p are real analytic submanifolds of M. Hence (SWl) 
follows. (SW2) (local finiteness) also follows from the second statement of (viii) in 12. 71 

To see (SW3), we need to show that if Map CiMgy ^ 0, then Map C Mgy. Clearly, 
MgyCiMap is closed in Map- We claim that it is also open in Map- 

For, let X G Mgy n Map - This last intersection being non-empty implies by (S W3) 
applied to Xa andXg, that x €Xa CXg-By the topological local triviality of Whitney (b) 
stratifications (see [G-M], §1.4 or [Ma], Corollary 8.4), and the remark in Definition l5.2l 
that SW-stratifications are Whitney (b) stratifications, there exists a connected neighbour- 
hood U of X in Xa such that a neighbourhood W of x in Xg is of the form W — U x N{x), 
where N{x) is the normal slice to x inside Xg- Note that N{x), being the cone on the link 
L{x), is connected. 

Since the real analytic submanifold A^ intersects each stratum transversely, it follows by 
intersecting everything with A^, that there is a neighbourhood U D N of x in Xa O N such 
that the neighbourhood W n A^ of x in n A?^ is of the form W DN = {U DN) x N{x)- 
If we choose U' to be the connected component of U ON containing x, and W' to be 
the connected component of W DNHMgy containing x, it follows that W' is of the form 
W' ^U' X N'{x), where N'{x) is the intersection of A^(.^;) and Mgy- Thus U' C MgyHMap, 
and so this last intersection is open in Map, and our claim is proven. 

The connectedness of Map implies that the open and closed subset MgyD Map is equal 
to Map, and (SW3) follows for our stratification J^DN- 

To prove the Verdier condition (S W4) for DN, we first need the following linear 
algebraic claim. 

Claim. Let {£,{—,—)) be a finite dimensional inner product space, with a fixed linear 
subspace L. For every subspace G of £ intersecting L transversely (viz. G + L = E) there 
exists a positive constant C(G), depending continuously on G, such that for all linear 
subspaces F C E,we have 

5{Fr\L,GnL) <C{G)5{F,G), (5) 

where 5 is the Verdier distance with respect to (— , — ) introduced in Definition 15. II 

First note that L + G — E implies G^ n = {0}, where ± denotes orthogonal comple- 
ment with respect to (—,—). Thus the orthogonal projection tzq onto G is an isomorphism 
when restricted to L^. Hence the subspace ndL^) has dimension = dimL^ = codimL 
which, by transversality of G and L, is precisely the codimension of G flL in G. Also, for 
y £ GnL, z e L^, we have {y, Tlaiz)) = (710(3'), z) (jiz) = 0, thus implying that 7tG{L^) 
is orthogonal to GflL. Hence Li := nG{L^) is the orthogonal complement of GflL in G. 
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Define a new inner product (—,—)' on £ by setting {y^z)' — (y,z) for y,z £ L, (jjz}' — 
{y,z) for y,z G Li, and {L\,L)' = 0. The orthogonal complement of a subspace W with 
respect to (—,—)' will be denoted W^. Then, with respect to this new inner product 
(—,—), we have an orthogonal direct sum decomposition 

E^Li ®'L, 

where '©'' signifies that the decomposition is orthogonal with respect to ( — ,—)'. 
Also, = Li C G. Thus C L. Hence, by counting dimensions, and noting that 
{GnL,G'^)' ^ 0, it follows that 

L= (GnL) ©'G^. 

Hence for any x G F DL, we will have tTqt {x) = ^[gdl)'^ Thus, denoting the Verdier 
distance with respect to ( — ,—)' by 5', we have 

5'(FnL,GnL)= sup ||7r(GnL)TWir 

\\x\\'=i,xeFnL 

sup ||%t(x)||' 

||x||'=l,xGFnL 

< sup ||%t(x)||' 

\\x\\'=i,xeF 

= S'{F,G). (6) 

(All orthogonal projections in the last six lines are with respect to (— , — )'.) 

Now, by the above definition of (— , — ) , it follows that there is a positive constant A(G) 
depending continuously on G such that for every x € E: 

^ W<||x|r<A(G)||x|| 



A(G) 

from which it is easy to deduce that there is an inequality 

5'{F,G)<C{G)8{F,G), 

where C(G) is a positive constant depending continuously on G. Also since (— ) and 
(-,-)' agree onL, it follows that 5'{Fr\L,GnL) = 5{Fr\L,GnL). Hence the inequality 
Q follows by applying (|6j, and hence the Claim. 

If y G Map C Mgy, then y <E Xa and we have by (SW4) applied to y e Xa C X5, that 
there is some neighbourhood Uofy such that for all y' € U HXa and x (zXgnU we have 

5{TyiXa),Tx{Xs))<C\\x-y'\\. 

Let U' be the connected component of U nM^p containing y, and simultaneously locally 
trivialise on U the manifold pair {M,N) so that the bundle pair {TM,TN)\ij is isomor- 
phic toU X {E,L). Set F := Ty>{Xa) and G := T^{Xs), so that Ty,{Map) = F riL and 
Tx{Msy) = GnL, by the fact that meets Xa andXs transversely. For.*; G U, one can find 
a bound C for the constant C(G) in (|5} by the continuity of C(G) in G. Now we apply the 
inequality (|5} above to get the Verdier condition (w) on U'. Thus (SW4) is verified for the 
stratification ^ CiN. This proves the lemma. D 
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Remark 5.7. We also need a stxaighforward extension of Proposition |^] Namely, in the 
above situation let be a closed connected subset, which is a real analytic submanifold 
with real analytic boundary dN. This can be regarded as a SW-stratified subset of M 
with two strata, viz. := N\dN and dN. For this stratification, (SWl), (SW2) and 
(S W3) are straightforwai'd, and (SW4) holds because at any point x e dN, the germ of the 
triple {N,dN,M) is (by definition) real analytically isomorphic to (M*'"' x M+,M^'"',E"), 
which obviously satisfies (SW4). LetX cMbe a SW-stratified subset, such thatX^ --[N° 
and Xa dN for each stratum Xa of X. Then the intersection stratification on X HN 
defined by taking the connected components of all the intersections Xa r\N° and Xa fl dN 
is an SW-stratification ofXDN. The proof is exactly the same as in the case of l5.6l above. 

DEFINITION 5.8. (Stratified submersion) (see [G-M], §1.5 on p. 41 and [Ve], 3.2) 

Let f : M ^ N he a smooth map, and let X C M be a SW-stratified subset, with strata 
{Xa}- We say / is a stratified submersion if for each stratum Xa of X, the restriction 
.f\Xa ■ Xa ^ N is smooth and a submersion. 

Again, the above notion depends only on the underlying smooth structures. In [Ve], 
Definition 3.2, such a map is referred to as a map 'transverse to the stratification' (onZ). 
The following is a key proposition due to Verdier. 

Theorem 5.9 (First Isotopy Lemma). (See [Ve], Theorem 4.14). Suppose that X is a 
closed SW-stratified subset in M, with stratification ,5^. Let N be a smooth real analytic 
manifold, f : M ^ N be a real analytic map, proper on X, and a stratified submersion. 
Let yo € N, and Mq and Xq be the fibres over yo of M and X respectively. (Note that by 
the hypothesis, Mq meets all the strata ofX transversely, so that Xq = X HMq acquires 
an induced stratification S^q via the connected components ofX HMq, as /« 15. 61 afeove). 
Then there exists an open neighbourhood V of yQ in N, and a homeomorphism of the 
stratified spaces {X nf^^ {V),S^) onto {Xq x V, S^q x V ) preserving the stratifications and 
compatible with the projections to V. (Again note that X n ' (V ) , being an open subset 
ofX, has a natural induced stratification, also denoted by ,5^ , from X, and Xq x V has a 
natural product stratification ,5^q x V.) 

In fact, in Theorem 4.14 of [Ve], Verdier proves that the homeomorphism above is 
a 'rugeux' (coarse) homeomorphism, which is slightly stronger than saying that it is a 
homeomorphism. We do not need this stronger statement. The corresponding statement 
for Whitney (b) stratifications is Thom's First Isotopy Lemma, and due to Thom and 
Mather (see [7] in [Ve]). 

6. A tubular neighbourhood theorem for subanalytic bundles 

Let X be a topological space, and £ be a continuous real vector bundle of rank k on X. Let 
II II be some continuous bundle metric, and for e > let £(£) denote the e-disc bundle of 
E with respect to this bundle metric. Denote the zero-section of this bundle by Of. 

DEFINITION 6.1. (Tubular neighbourhoods) 

Let ;r : £■ ^ X be as above and let 5 : X £ be a continuous section. We will say that s 
has a tubular neighbourhood in X if there exists a neighbourhood V of 5^ ' (Os ) in X, and 
e > 0, and a homeomorphism 

4>:y-.£(e)|,-.(o^) 



Subanalytic bundles and tubular neighbourhoods of zero-loci 



267 



such that the composite 

^-i(0£)-^y^£(e)|,-.(o^) 
is the map x s{x) — 0^ for all x e s^^{Oe). 
Remark 6.2. 

(i) If E ^ X and F ^ X are isomorphic real vector bundles, via a continuous bundle 
isomorphism T : E ^ F, then clearly a section 5 of £ will have a tubular neighbour- 
hood in X iff the section Tos of F has a tubular neighbourhood in X. We just need to 
observe that s^ ' {Qe ) = (t o ^ ' (Of ), and that T will induce a homeomorphism of the 
disc bundle F{e) with the disc bundle E{e) where E is given the T-pullback bundle 
metric from F. 

(ii) More generally, if there is a bundle diagram: 

El E2 
Xi X2 

with / a homeomorphism, and T a continuous vector bundle equivalence, then the 
section S2 of £2 has a tubular neighbourhood in iff the section /*i2 := T^' 052°/ of 
£1 has a tubular neighbourhood in Xi . This is clear because we will have a continuous 
bundle equivalence £1 f*E2 on X, the statement (i) above, and the fact that the 
homeomorphism / induces a homeomorphism of any neighbourhood V of ^ (O^j ) 
with the neig hbourhood /"^ (V) of s^^Oei). 

Before proving the main result, we need some lemmas. 

Lemma 6.3. (Transversality to the 0-section in smooth case) {see Theorem 1.3.6 on p. 39 
in [G-M]). Let M be a real analytic manifold, and n : E ^ M be a real analytic vector 
bundle of rank k on M, generated by an n-dimensional vector space P of real analytic 
global sections. Let Y <ZM be a real analytic submanifold (in particular, locally closed in 
M). Then there exists a Baire subset {i.e. whose complement is of measure 0, in particular, 
dense) U C P such that s GU implies that i|y : F ^ E, is transverse to the zero-section 
Oe ofE. 

Proof. By definition, and (ii) of Lemma l3^ we have the exact sequence of real analytic 
bundles on M: 

MxP-^E ^0 

which is the puUback via the analytic classifying map f : M G{n — k,P) of the last two 
terms of the universal exact sequence ([Q on G{n — k,P). In particular e = f*^ above is 
real analytic. The section i G P is viewed as an analytic section of E by taking the map 
£5 = £{~,s) : M ^ E of E. Since e is a smooth epimorphism of bundles, it is a smooth 
submersion. 

Restricting the above real analytic map £ to Y, we have a real analytic map: 
YxP^E. 

We claim that this map 9 is ti-ansverse to the zero-section Oe of E. 
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For, if {y,s) eY xP such that Q{y,s) = Oy G Ey, the fact that dy = Q{y,-) is & Unear 
surjection shows that the partial derivative d^Oy = By takes the Hnear subspace © TsP = 
of T^y^^'^{Y X P) surjectively onto the tangent space TQ^{Ey) = Ey of the fibre Ey. 
Hence the image of the total derivative D6{y,s) contains TQ^{Ey) = Ey. Since Toy{E) = 
Tq^XOe) (BEy, it follows that 7b,,(0£) and lmDe{y,s) together span 7b^(£'). Hence d is 
transverse to the zero-section Oe of E. 

Since is a codimension k smooth submanifold of E, the inverse image W : = 
Q UOe) is a smooth real-analytic submanifold of Y x P, of dimension dim IV = 
dim Y +n — k. Let p:Y xP^ P denote the second projection, and consider the following 
diagram: 

YXP £|y 

P\w \ I p 
P 

Note that the fibre Ws = p^^ (s) nW = (s) is precisely the set of zeroes of the section 
ds = Eg^Y = of the restricted bundle E^y — > Y. We make the following: 

Claim. The section 6s = 9{— ,s) = s : Y ^ E is transverse to the zero-section Of of £ iff 
s GPisa regular value of p\^r .W ^ P. 

Proof of Claim. Let 

q:Toy{E)^Toy{E)/Toy{OE)=Ey 

denote the natural quotient map. 

Since : 7 x P — > E is transverse to 0£, for each {y,s) e W we have the diagram: 

keTDpinr{y,s) 
I 

0^ P 

in which the columns and last two rows are exact. By the Snake Lemma, and the fact that 
CokerZJp = 0, we have an exact sequence: 

kerDpiv^ ^ Ty{Y) ^°!^^ Ey CokerZ)p|vi, ^ 0. 

Consequently, the map q o D9s{y) is surjective iff Dp^^f{y,s) is surjective. Since 
p'^{s) = 6~^{0e) X {s}, s is a regular value of iff q oD6s(y) is surjective for all 

y G 0,r' (Ofi), that is, iff ft : i' ^ £ is transverse to O^. Hence the Claim. 

By Sard's theorem, there is a Baire subset U C P oi regular values for p^^r -.W^P. 
Hence the lemma follows, for this choice of U. D 

We have the following irmnediate corollary for subanalytic sets. 



Ty{Y) \{E)/To,{Oe) 

I i 

T^y,4YxP) ToAE)/To,{Oe)^0 

I Dp I 

P — > 0^0 
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COROLLARY 6.4. {Stratified transversality to the 0-section) 

Let M be a real analytic manifold which is countable at °°. Let ,5^ be a SW- stratification 
of M, and let {Ma]a£A denote the strata {see Definition \5.2\ . Let E be a real analytic 
vector bundle of rank k on M, generated by an n-dimensional real vector space P of real- 
analytic global sections. Then there exists a Baire {in particular dense) subset U G P such 
that for s G U, we have 

(i) s : M ^ E is transverse to Qe, and 

(ii) s\]^j^ '^Of {see Definition \5. 5i for each a £ A. 

(iii) For any X <ZM which is a union of strata {and hence itself SW-stratified), s\^x 0-E- 

Proof. Since the manifold M is a countable union of compact sets, and a compact set can 
intersect only finitely many members of locally finite collection, and SW-stratifications 
are locally finite, it follows that the SW- stratification above consists of only countably 
many strata. We thus assume that A = N. In particular, M is the union: 

of countably many strata. Set Mq = M, as a notational convention. 

By (i) of Definition 15.21 each M, is a locally closed real analytic submanifold of 
M. Applying the previous Lemma lOl to Y = Mi for / = 0, 1, we find a Baire sub- 
set Uj C P such that for s G t/;, ^i^, Og. The set U = Df^QUi, being the countable 
intersection of Baire sets, is a Baire set (the countable union of measure zero sets 
is measure zero). Clearly for s £ U, (i) and (ii) foUow. (iii) is obvious from (ii) by 
DefinitionEsl □ 

Theorem 6.5 (Stratified Tubular Neighbourhood Theorem 1). Let M be a compact 
real analytic manifold, and X <Z M a subanalytic set {not necessarily closed) in M. 
In accordance with Theorem 15.41 above, equip M with a SW- stratification ,5^ by strata 
{M, }"^j such that the subanalytic set X is a union of strata. {Note that the strata form 
a finite collection by (ii) of Remark \5.2>\ . Let K : E —t M be a real analytic vector bun- 
dle of rank k, generated by an n-dimensional vector space P of real analytic global 
sections. Then, there exists a Baire subset U C P such that for s £ P, the section s\x of 
the restricted subanalytic bundle E^x ~^ ^ tubular neighbourhood in the sense of 

Definition \6.l\ 

Proof. The proof is rather involved, though the essential idea is contained in the sketch 
of the proof of Theorem L 1 1 , p. 47 in [G-M] . 

The main steps are as follows: Equip the compact manifold M with a finite (SW)- 
stratification by M,- so that the subanalytic set X is a union of strata, by Theorem l5.4l By 
Corollarv l6.4l for a Baire subset U C P and s G U, the restriction of s to each stratum is 
transverse to 0^. Let Z denote the zero locus of s in M, and Z, =Zr]Mi. Next we choose a 
thin enough e-disc bundle in E which intersects only those strata s(M, ) of s{M) that meet 
Oe (i.e. for which Z, ^ (j)). Now, shrink down this e-disc bundle to the zero-section Oe 
via the scaling map e i-^ te of E, t eM.. The final step is to prove, using the First Isotopy 
Lemma ls!9l that the f -family of intersections of these shrinking neighbourhoods with s{M) 
is a stratified product Y xl, where / is some interval containing 0. For this family, the fibre 
over G / is the bundle restricted to Z, and the fibre over a 7^ G /, is a homeomorphic 
image of the above neighbourhood. Thus these fibres are both stratified homeomorphic 



270 Vishwambhar Pati 



to Y. Because it is a stratified product, and X is a union of strata, one can restrict the 
(stratification preserving) homeomorphisms above to X. We carry out the details below. 

Define Mq = M for notational convenience. We know by Corollarv l6.4l that for the given 
stratification of M = U"^[M, above, there exists a Baire subset U C P such that s E U 
implies that Sj := s^j^j. is transverse to the zero section 0^ ofE for each i ~Q,1, ...,m. (Note 
that Sj : Mi E^f^. is transverse to the zero section of E^^^. iff s, : Mj ^ E is transverse to 
the zero section 0^ of E.) In particular s^x is transverse to the zero section Qe of E (or, 
in the notation of Definition l5.5l s\x ^ Oe, for the real analytic map s : M ~* E). Thus the 
zero-locus Z : — Zq :— s^^{Oe) is a real analytic submanifold of M, and the restriction of 
Z to Mi, viz. the zero-locus Z, = ZfiM,- = s^^{Oe) is a real analytic submanifold of M,-, 
and hence M, for each / = 1 , . . . , m. Denote the restricted bundle E^^^. by 

We shall prove that for such an s E U, the section s^x ■ ^ ^ has a tubular neigh- 
bourhood in X, in the sense of Definition l6.1l 

Since n : E ^ M is isomorphic as a real analytic bundle to /*v*, and since — > 
G(n — k,P) is a real analytic subbundle of G{n — k,P) x P via the real analytic split- 
ting coming from a constant (hence real analytic) bundle metric on G{n —k,P) x P, it 
follows that n : E ^ M has a real analytic pullback bundle metric || ||. Let p : M x 
R ^ M denote the first projection. Then the bundle ni (;r x 1) : £ x R ^ M x M, 
which is precisely p*E, has the pulled back metric, also denoted || ||, also real analytic. 
Note that M x M has the product stratification denoted ,y xR, and X x R is a union 
of strata. 

Similarly E has the SW-stratification Ye = (^), with strata Ei = E\m. = n^^{Mi). 
(It is easy to verify, using the local analytic triviality of E, that n^^{,S^) satisfies (SWl) 
through (SW4). Also Ei are subanalytic inside E because M,- are subanalytic in M and (vi) 
of ProDosition l2.7l ) Similarly, £ x R is SW-stratified by S^e x Hi, which is the same as the 
SW-stratification {nx)-\y x R). 

Consider the real analytic map: 

\ir:ExM.^E 
(e,f) te 

and denote \if{—,t) : E ^ E by . Denote the restricted bundle map y/^EixR ~^ Ei by i/,-. 

Claim ( 1 )o. The map y/'.E xR^E is transverse to the smooth real analytic submanifold 

s{M) C E. 

In fact we shall show that for each f e R, the map xj/i :E ^E is transverse to s{M). Since 
for each f £ R, the image lmD\i/{e,t) contains lmD\j/t{e), this will prove the assertion. 
If f 7^ 0, we have y/f : E ^ E is a real analytic diffeomorphism, and hence transverse to 
s{M). If f = 0, we have y/o : £ — > £ equal to projection onto the zero-section Oe, viz. 
the map e 0;^(g). Thus for e E E, if we denote n{e) ~x EM, we have V^bl^) = 0^ and 
ImDv/()(e) = 7bv(0£). If V'o(e) S s(M), it follows that e = s(x) = Ox, so that x E 5"' (Og). 
By the choice of s, s is transverse to Og, so that we have ImDs(jic) + Tqi^{Qe) — To^{E). 
That is, 7i,.(^)(.s(M)) + lmD\ifo{e) — To^{E). Thus i/o is also transverse to s{M), and our 
claim follows. 

By the transversality above, it follows that := \if^^{s{M)) is a real analytic submani- 
fold of £■ X R, whose fibre over r G R is the real analytic manifold N{t) := y/,^' (i(M)). 
Since s : M ^ E isa real analytic embedding, and sections of bundles are proper maps, it 
follows that s{M) is a smooth real analytic subspace of E. In particular it is closed. Since 
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is real analytic, it follows that = ^/^'(^(M)) is a real analytic subspace in £ x R 
which is closed. By the transversality of y/ to s{M), it follows that is a smooth real 
analytic subspace of £ x K. 

Next we have 

Claim (2)0. The real analytic submanifold is transverse to the zero section O^xM, and 
the intersection n O^xK is s{Z) x M, where Z := (O^) is the zero locus of s. 

Since i : M — > £ is transverse to 0^ by the choice of s above, it follows that for each 
Qx G s{M) X e Z = (Of)) we have 

ro,(^(M)) + 7b,(0£) = ro,(£). (7) 

Now for (Ox,f) € N n QexM, we have the identifications To^.{E) = Tq^{Oe) +£.,■ and 
T(^o^.^t)iE X R) = ro,.(0£) + With this identification, clearly Dv/(0;t,f)(W, 0,0) = W 
for W e Tq^{Qe), since i/A restricted to Og x M is the first projection to Oe- Let us denote 
L := Dy/{Ox,t) for notational convenience. Then by the foregoing remark and above, 
we have: 

ToMM))+LiT^o_„r] (Oexk)) - 7i),(£). (8) 

For any linear map L, any two linear subspaces A,B, we have the identity L^^A + B ~ 
L"'(A +L(B)). Substituting A = To^{s{M)) and B = 7(o,,r)(0£xR), and using (|8} above 
we find 

L- ' To, {s{M) ) + 7(0,,) (0£xk) - ' (Tb, (M) ) ) + L{T^o.^,^ (O^xm) ) 

= r(o,,)(£x]R). 

Since by Claim (l)o, ij/ is transverse to s{M), we have L^^To,{s{M)) — r(o,,r) (A^)- Thus 
we have 

7(0,.,,) (A^) + 7(0,,,) (Osxffi) = 7^(0,.,) (£ x M) . 

That is, A^ meets O^xR transversely. The first part of Claim (2)o follows. 

To see the second part of Claim (2)o, note that {Qx,t) E N DQexM iff y^{Ox,t) = Ox is in 
s{M). But 0., e s{M) iff O.v = s{x) iff x £ s"' (Of) = Z. Thus A^ n OsxR = ^^(Z) x M, and 
Claim (2)0 is proved. 

In the proofs of the above two claims, the transversality of s to the zero section was the 
only fact used. By the choice of s e f/ we have s, : M, is transverse to the zero section 
O^. for all /. Thus, in the proofs of the above two claims, we replace M by the stratum M,, 
E by Ei, s by Si y/ by i//,- := V^|£.xm, and repeat everything (noting that 5; : M,- Ei 
is transverse to O^, iff s, : Mi ^ E is transverse to 0^). By so doing, for / = 0, 1 , . . . , m, we 
obtain: 

Claim (1);. \jfi : x M ^ Ei is transverse to s(M,), and thus A^,- :— ^/^'(^(M,)) = 
V/^'(5(M,)) is a smooth real analytic subspace of and is equal to the intersection 
A^ n {Ei x M). (For notational consistency, we set A^o ■=N.) 

Claim (2)j. A^; := Xj/^^ {s{Mi)) intersects OexR transversely, and this intersection is i(Z,) x 
R = i(ZnM;) xK. 
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From the given SW-stratification ^ in the hypothesis of the theorem, the smooth ana- 
lytic subspace s{M) gets an induced SW-stratification defined by the strata s{Mi), i — 
1,2,. ..,;«. (Note s{Mi) are subanalytic in E by (ii) of Proposition l2.7l because s, being a 
continuous section of a bundle, is proper) 

Claim (3). The manifold s{M) meets the strata of S'e transversely (inside E), and 
meets the strata E, x R of S^exR transversely (inside E xW). 

To prove the first assertion, let ^(ji:) G s{M) DEi — s{Mi). Since n : E M satis- 
fies nos = idM, the image lv(\Ds{x) = Ts^^^^{s{M)) is a vector space complement to 
kerZJn:(i(x)) — T^^^^ {Ex) = Ex inside Tx{E), and hence 

7:,w(^(M))+£v = r,(,)(£). (9) 

Since C T^-(^x) (Ei) for all x G M,, it follows that 

T,^xMM)) + T,^x)iEi) = T,^x)iE) 

and hence s{M) is transverse to Ei for all /. The first assertion of Claim (3) follows. 

Now we prove the second assertion of Claim (3), i.e. meets E/ x K transversally for 
all i= 1,2, ...,m inside E xR. We have already observed that D\j/{e,t) : T(^e.t)iE x R) — > 
Tte{E) is surjective for all f ^ (because i/, : £ ^ £ is a diffeomorphism). Also for such 
a f 7^ 0, D\i/{e,t) maps Ex © M onto Ex- Hence, from (|9} we conclude that 

T,(^xMM))+Dxtf{e,t){Ex(Bm = (10) 

for (e,f ) G A^n (£,■ x M) with t ^ 0, and %{e) = x. Applying the identity L"' (A +L(B)) = 
L^'A + B to the linear map L = D^f{e, f), A = r,.(^) (^(M)), B = £';r ® M, and noting that 
L^'(rj(-f)(i(M)) — Ti^g,^{N) by definition and Claim (l)o, we obtain 

{N) + {Ex e M) = (£ x m). 

Since £';reM = T(e.t){Ex x M) C Tf^.rjl^/ x M) for all / = 0,1,...,ot, we obtain that the 
intersection of with Ej x M is transverse at all points (e,f ) for t ^Q. 

Now we look at the situation where f = 0. If a point (e, 0) G A^ n {Ei x R), we have that 
V/(e,0) = Ox G s{Mi) = s{M) CiEi and s{x) = 0^. From the paragraph preceding the proof 
of Claim (1),, we have that s : Mi Ei is transverse to the zero-section Of, in so that 



ToMMi)) + 7b,(0£,) = ToM)- (11) 

SinceDi(x)(7^(M,)) is a complement to Ex in Tx{Ei), for each x G M,-, and ; = 1,2, ...,ot, 
it follows that 

ToM) = Ex + Ds{x){Tx{Mi)). (12) 



Let Vj- denote the normal bundle to M,- in M, and Vj-.x its fibre at x G M,-. Since 
ToA^M)) =Ds{x){Tx{M)) and 7b,(i(M,)) = Ds{x){Tx{Mi)), we have 

(^(M))+7b,(0£,) = D.(x)(r,(M)) + 7b,(0£,) 

= D,9(x)(r,(M,)) +Z)i(x)(v,-,,) + 7b,(0£,) 

= To, {Ei) + (x) ( v,,.0 (by eq. (El)) 

= Ex+Ds{x){Tx{Mi))+Ds{x){Vi,x) (by eq. (Ha) 

= £,+£>i(^)(7:,(M)) 

= 7b,(£). (13) 
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y/Q'.E is just the projection of £ to its zero section Oe, and hence Dv/o(e)( 7(^0) (£;)) 
= 7b^(0£,), so that D\j/{e,0){T(^e.0){Ei x M)) contains 7b^.(0£.). Combining with eq. ( fT3l . 
we have 

7;w(^W) +OV^(e,0)(r(,^o)(£,- X R)) = ro,(£). 

Now we apply our lemma L^^A+B = L^\A + L{B)) to the linear map L = Dv/(e,0), 
A — rj(^)(,s-(M)), B = ())(£,■ X M), and noting that by definition and Claim (l)o, 
L-'{T,^,) {s{M)) = r(,^o) (N), we obtain 

Tiefi) (N) + T^e.o) (Ei X K) - r(,o) (£ X M) 

which shows that meets £, x M transversely at (e, 0) and our Claim (3) follows. 

Since s{Mi) ~ n.s(M), the first assertion of Claim (3) shows that the stratification S^s 
is just the intersection stratification S^e H s{M) as defined in Lemma lsTSI In particular, by 
that same lemma, is a (SW)-stratification of s{M). 

By the second assertion of Claim (3) and Lemma l?!6l we can give the SW-stratification 
:= S^ExR^iN to the smooth real analytic subspace = \lf^^{s{M)). The strata are 
precisely the connected components of Ni =Nr\ [Ei x R) = y/^' (^(M,)). 

Now we need another assertion: 

Claim (4). For each / = 0, 1, ...,ot, define pi : Nj ^M. to be the restriction of the second 
projection p : £ x R ^ M to A^,-. The derivative 

Dp,{0,,t):T^o^,)iN,)^R 

is surjective at all points (O.v,?) G NiOQExR = -^i^i) x R. 

We now prove Claim (4). For the curve s (0,v,r +s) in £ x R, starting at (0^,?) 
with initial velocity (0,0, 1) 6 r(o,,,)(£' x R) = To^{Oe) +£'x + R, we have \l/{0,^,s + t) = 
{s + t)Ox = Ox for all s so that 

Dv/(0,,f)(0,0,l)-0 

for all t e R. Thus the subspace 0® 0® R C 7(o^,r)(£' x R) lies in kerD\i/(Ox,t). Since 
(by Claim (1),- above), T(^o^j){Ni) = {D\j/(Ox,t))~HTo,,s{Mi)), it contains this kernel 
kerDv/(0.^,f). Thus 

3 0©0®R 

for all (0.v,f) e Ni. Since Dp,- maps the subspace (OffiO® R) isomorphically onto R = 
7;(R), it follows that 

Dp,{Ox,t):T^o^j)m^^ 

is surjective at all points {Qx,t) G Ni CiOexR and all / = 0, 1, ...,m. Hence Claim (4) is 
proved. 

Recall that Z,- := Z flM,, and by the second part of Claim (2),, we have A^, n O^xH = 
s{Zi) X R. 

From Claim (4), and by continuity of Dpi, we have the following claim. 
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Claim (5). For each i such that Z,- ^ (j), and for {Ox,t) G A',- n OexR = ^i^i) x K, there 
exists a neighbourhood Ux,t of {Ox,t) in E x R such that the derivative 

is surjective for all (e,s) G f/j^^r HA^,. 

Renumber the strata so that Z,- := ZflM, 7^ ^ for / = 1,2, and Z, = (p for ; = 
r+ 1, ...,OT. Again, for notational convenience, setZo ■.= Z = s~^{Oe). For 5 > 0, let £(5) 
and 5(5) denote the open 5-disc bundle and the 5-sphere bundles of E respectively (with 
respect to the above real analytic bundle metric || ||). 

Claim (6). For each i = 0,1, ...,r, and for (0;^,?) e A',- n O^xR = s{Zi) x R, there exists a 
neighbourhood Ux,, of (OxJ) in £ x K such that A^,- n Uxj meets (5(5) x R) n Ux^t trans- 
versely for all 5 > 0. (Note that for 5 very large, the intersection (5(5) x R) n Ux,t might 
be empty, in which case this assertion is vacuously true.) 

To see this, we first prove that for / = 0, 1, and 0^ G s{Mi) CiOe = s{Zi), there is 
a neighbourhood Ux of 0;^ in E such that s(M,) n Ux meets 5(5) n Ux transversely for all 
5 > 0. Since this assertion is local around Oj;, and E is locally trivial, we may assume 
without loss of generality that E is trivial. 

By this triviality, there is a natural linear surjection: 

p{e):Te{E)^E^(^,^ = {n*E)e 
for each e &E. The fact that i(M,) meets 0^ transversely at Ox implies that the composite 

ToMm ToM "^-^ i7t*E)o^^Ex 

is surjective. By continuity, there exists a neighbourhood Ux of Ox in E such that the 
composite 

Te{E) {K*E)e 

is surjective for all e G s(M,) n Ux. 

At a point e G 5(5), it is obvious that the one-dimensional quotient space Te{E) /Te{S{d)) 
is a quotient of = {7t*E)^ (by the tangent space to the sphere fibre 5(5);j(g)). Thus 
the composite map 

Us{M,)) ^ UE) {7t*E), ^ UE)/US{8)) 

is also surjective for all e G s{Mi) n 5(5) n Ux- But this is precisely the statement that 
s{Mi) n Ux meets 5(5) H f/x transversely inside E. 

For the sake of convention, we define 5(5) = 0^ for 5=0. Then, by the fact that s(M,) 
is transverse to Og, we have that s{Mi) n Ux meets 5(5) n Ux transversely in E for all 5 > 0. 

Now let t G M, and let Ux,t be a neighbourhood of {Ox,t) such that y/iUx,t) C Ux, Ux as 
above. Hence (v,A) G (5(5) x IR)nAr,-nf/;c,, imphesthate := v^(v,A) = Av G (5(|A|5))n 
s{Mi)nUx. 

By the above choice of the neighbourhood Ux, at the point e = A v G f/^, A G M, we have 



US{\X\5)) + Te{s{Mi))=Te{E). 



(14) 
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If (v,A) e Ux,t with A 0, then \ifx : E ^ E \s a. diffeomorphism. In this event, the 
derivative 

Dv/(v,A):r(,,;t)(£xR)->r;L,.(£) 

is surjective. Taking the inverse image under this surjective map Z)va(v, A) of both sides of 
the equality ( fUl i. noting that y/is transverse to s(M,), and that '■ ^(8) x {A} 5(|A|5) 
is a diffeomorphism for A 7^ 0, we have 

T(y,x)iS{5) X {A}) + T(^,,x)iNi) = T^,.x)iE x M). 

Since T^^,i){S{5) x R) contains the subspace Ti^^,x){S{5) x {A}), we see that at all points 
(v',A) with A ^ 0, which He in U^., and in (5(5) x M) HM, the intersection of S{8) x M 
and A^, is transverse. 

To check the case A = 0, let (v,0) £ {S{8) x M) n f/^.r- Note V^(v,0) = O3, where 
y = 7r(v) and tt : £ — > M is the bundle projection. Since (v,0) £ A^,- n we have Qy G 
i(M,) nt/,. Thus, setting L := £)v/(v,0), we have L{T(^fl){S{5) x {0})) = Tq^X^e), since 
the projection n : 5(5) ^ M is a submersion. Since Qy G ^(M,) n Qe, and .s(M,) intersects 
transversely, we have 

To^isiMi)) + To^{OE) = To^.iE) 
from which it follows that 

ToMM.))+m,,o){S{5) X {0})) - ro,,(£) 
which implies 

7b/s(M,-)) +L(r(„,o)(5(5) X M)) = Tb^X^)- 

Agam we use the identity L-^{A+L{B)) = L^'A +B for any linear map L, and any 
subspaces A, B and obtain, by setting A = Tq^ («(M,)) and B — T(^y,o) (5(5) x M), that 

L-'ToMMi)) + T^,fi)iS{5) X M) = r(,o)(£ x R) 

which is to say, 

r(v,o) (Ni) + T^yfi) (5(5) X M) = r(,,o) (£ x M) . 

Thus the intersection of NiCiUxj and (5(5) x M) n t/v., is transverse. This proves 
Claim (6). 
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Since M is compact, Qe is a compact subset of E. Since, by Claim (2),- above. A', 
intersects O^xK transversely for each / = 0, 1, ...,m, each connected component of each 
A',- intersects O^xR transversely inside £ x M. Thus no such connected component can be 
contained in O^xR- That is, no stratum of the stratification of the smooth manifold 

= 1//'^' {s{M)) is contained in O^xR- 

We now note that since every stratum s(M,) of s{M) meets Oe transversely, 
s{Mi) c s{Mj) = s{Mj) for i ^ j will imply that the codimension of s{Mi) n in 
s{Mj)C\QE is the same as the codimension of i(M,) in s{Mj), which is non-zero. Thus if 
i(M^) nO£ ^ <l>, the union 

U {s{Mi) n Oe : s{Mi) c and ij^j} 

has non-zero codimension in i(My ) nO£. Thus 

s{Mj)r)OE = (^(m;) nOs) \ (U {s{Mi)nOE : siMi) c and M y}) 7^ 0- 

That is, s{Mj)r\OE # ^ if and only if i(My) nOg ^ <j), if and only if = 0, l,...,r. 

By noting thatA'^- = \lf~^{s{Mj)), and V^(0£xr) = ^e, the same fact obtains for the A^y, 
viz. Nj n O^xR 7^ if and only if A', n O^xR 7^ ^ which, in turn, happens if and only if 
7 = 0,l,...,r. 

Consider the closed subset C of £ x R defined by 

which is disjoint from O^xRj by the preceding paragraph. Since C is closed and 0^ x 
[—2, 2] is compact, there will exist an e > such that the restricted 2e-disc bundle ii(2e) x 
[—2,2] does not intersect C. Thus E(2e) x [—2,2] is disjoint from A^,- for i = r+ 1, ...,m. 
We saw above in Claim (2),- that A',- nO^xR = s{Zi) x R, and similarly A^,- n (0£ x [-2, 2] ) = 
s{Zi) X [-2,2]. Thus A?; intersects E{2e) x [-2,2] if and only if A^,- intersects Oe x [-2,2], 
and this happens if and only if Zi^ (j), i.e. if and only if j = 0, 1, We record this fact 
in claim (7) 

Claim{l). {E{2e) x [-2,2]) = iff ? = l,r-|-2, ...,m. 

By reducing e if necessary, and from Claims (5) and (6), using the compactness of 
Oe X [—2, 2], we can further assert the following Claim (8). 

Claim {S). For ; = 0,1, ...,r, the derivative Dpi{e,s) is surjective for all {e,s) € 
(£(2e) X [-2,2]) OA?;. 

Claim (9). For j = 0,l,...,r, the intersection of 5(5) x [—2, 2] with A^,- is transverse for all 
5 <2e. 

We need an analogue of Claim (8) above for S{e). That is 

Claim (10). For e small enough, and < i < r such that the intersection 
(5(e) X [-2,2]) nM ^ (j), the derivative Dpi{e,s) is surjective for all {e,s) e {S{5) x 
[-2,2]) HNi and all 5 < 2e. 

We note that the tangent subspace T(^g s) {^{^) x R) has the line complement Me C £7r(e) 
in the tangent space 7'(-gj-j(£' x R) = Tj-^ 5>|(£'(2e) x R). Since Dp annihilates all vectors 
in Te{E{2e)) © {0} C T(^e^s^{E), it annihilates the subspace Ej^^^^y and hence Re. Thus the 
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image ofT(^^_^^{{S{5) x [—2,2]) flA^,) is the same as the D;?,- image of 7(gj-)((£'(2e) x 
[-2,2]) nA^,), which is all of R = 7:,([-2,2]) by Claim (5) above. Thus Claim (10) is 
proved. 

Consider E{e) x (—2,2) as a SW-stratified subspace of the analytic manifold E x 
(-2,2) with just the two strata £(£) x (-2,2) and S{e) x (-2,2), as in Remark lO By 
the fact that £■(£) x (—2,2) is open (and subanalytic in £ x (—2,2), since it is the inverse 
image of (— e^, e^) under the analytic map || H"), and the fact that is SW-stratified by the 
connected components of A^;, it follows that A :—Nn {E{e) x (—2,2)) is SW-stratified by 
the connected components of the analytic submanifolds A^, n {E{e) x (—2,2)). By Claim 
(7) above, we have 

A = U[=i(A^,n(£(e)x(-2,2)). 

Similarly by Claim (9) above, and RemarklS^ the subset (9A =A^n(5(e) x (-2,2)) is 
SW-stratified by the connected components of the analytic submanifolds 
NiCi (5(e) X (—2,2)). (Note that 5(e) is a smooth real analytic subspace of E since || ||^ 
is a real analytic function, and ^(e) is a real analytic manifold with boundary 5(e)). In 
fact, by Remark lS^ 

A :=A^n(F(e) x (-2,2)) 

is SW-stratified by the connected components of the real analytic submanifolds A^,- n 
(5(e) X (-2,2)) and Nj n (^(e) x (-2,2)) for / = l,...,r. Let us call these connected 
components Aa, where a £ F for some finite set F. Thus the subset A is a SW-stratified 
space in £ X (—2,2) with stratification by Aa. 

By Claims (8) and (10) above, for / = 0, 1, ...,r the maps pi : Ni n (5(e) x (-2,2)) 
(—2,2) and pi : N, fl (-^(e) x (—2,2)) (—2,2) are submersions. Thus they are submer- 
sions when restricted to each connected component. In particular, pt : Aa (—2,2) is a 
submersion for each a eF . That is p : A ^ (—2,2) is a stratified submersion in the sense 
of Definitionl5?8l 

For any compact subset K C (—2,2), p^iK) — p^^{K) HA is a closed set, and con- 
tained in the compact set -^(e) x K. (E{e) is compact since M is compact!). Thus p^^ (K) 
is compact, implying that pi^j is proper. 

By the First Isotopy Lemma ls!9l applied to the analytic map p : E x (—2,2) — > (—2,2) 
and the closed SW-stratified subset A C £ x (—2,2), it follows that for each point f e 
(—2,2), there is a neighbourhood C/f := (f — 5,f + 5) of f, and a stratum preserving rugeux 
homeomorphism 

h:Anp^\u,) -^Ar X (f-5,f + 5), 

where A, A n (£ x {?}), such that pr2 oh = p (here pr2 is the second projection on 
the right hand side). That is, A (—2,2) is a topologically locally-trivial stratified fibre 
bundle. 

By the compactness and connectedness of [0, 1] C (—2,2), there is therefore a stratifi- 
cation preserving rugeux homeomorphism 

h : Ai ^ Ao 

between the fibres A 1 andAo. ButAj =A^n(£(e) x {1}) = {\ify\s{M))f\(E{e)) x {1}) 
by definition. Since i/i : £ ^ £ is the identity map, this last set is stratified homeomorphic 
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to (s(M) n£'(e)). On the other hand, the map y/o : E ^ E is the bundle projection map 
e ^ Ojzie)- Thus {siM)) = E\2 where Z = 5^' (Og) is the zero-locus of s. Thus Aq is 
stratified homeomorphic to E{e)\z- 

Note that s{M) r\E{e) is an open neighbourhood of s{M)C\Qe = i(Z) nO^. By the last 
para, this neighbourhood is stratified homeomorphic to E{e)\z- The fact that this homeo- 
morphism preserves strata shows that it maps s{Mi) n£'(e) homeomorphically to ^(e)!^^ 
where Z, = ZnM, for i — 1,2, ...,r (recall for / > r, the above sets are empty). Since 
X is a union of strata from among the M,, and this last homeomorphism is stratum pre- 
serving, it follows that this homeomorphism when restricted to the open neighbourhood 
s{X) f^E{e)\x of s{X) nOf = (ZnX), is again a stratum preserving homeomorphism 

s{X)C^E{e)\x^E{e)\zr^x■ 

Since the analytic embedding 5 : M — > s{M) defines a homeomorphism between a 
neighbourhood of 5-'(0i;) r\X and s{X) r\E{e)\x, TheoremlOfollows. □ 

Theorem 6.6 (Stratified Tubular Neighbourhood Theorem 2). Let M be a compact 
real analytic manifold, and X <Z M be a subanalytic set. Let E be a subanalytic bundle 
of rank k over X generated by an n-dimensional vector space of global sections P in the 
sense of Deiinition V\.\\ Then, for a Baire subset U C P, and s G t/, there exists a neigh- 
bourhood of Z :— 5^' (Of) in X which is homeomorphic to an e-disc bundle E{e)\zfor 
some e > (i.e. s : X ^ E\x has a tubular neighbourhood in the sense ofDeiinition Xb. \\ . 

Proof. By Lemma there is a subanalytic pseudoequivalence j : {X,M) {Xi,Mi), 
with Xi a subanalytic set in Mi , such that our given bundle E is the pullback j*C of a real 
analytic rank-A: vector bundle C on Mi , generated by a space of global analytic sections 
P. Further, since M is compact, and Mi —M x G{n — k,P), Mi is also compact. 

By (ii) of Remark l6^ the Tubular Neighbourhood Theorem for £ on X follows from 
the Stratified Tubular Neighbourhood Theorem 1 (i.e. Theorem l6.5> applied to C, Xi and 
Ml above. □ 

Remark 6.1 . Theorem l6.6l covers the case of X being any real projective or affine vari- 
ety. In fact, any real projective or affine algebraic constructible set can be regarded as a 
subanalytic subset in projective space. In the analytic situation too, any real analytically 
constructible subset of a compact real analytic manifold automatically becomes a subana- 
lytic set. The main Theorem l6.6l aDplies in all of the above situations, provided the bundle 
£■ is a subanalytic bundle generated by global sections in the sense of Definition l4.1l 

Acknowledgements 

I would like to thank V Srinivas for asking me the question addressed in this paper, and 
many fruitful discussions. I also thank Jishnu Biswas for carefully reading this paper and 
pointing out errors, and for many fruitful conversations on subanalytic sets. Finally, I 
thank the referee for valuable comments and corrections. 

References 

[B-M] Bierstone E and Milman P, Semianalytic and Subanalytic sets (Publ. IHES) (1998) 
[G-M] Goresky M and Macpherson R, Stratified Morse Theory (Springer Verlag) (1988) 



Subanalytic bundles and tubular neighbourhoods of zero-loci 



279 



[Ha] Hardt R M, Topological properties of subanalytic sets. Trans. Am. Math. Sac. 211 
(1975) 57-70 

[Hi] Hironaka H, Subanalytic Sets, in Number theory, algebraic geometry and commuta- 
tive algebra, Seminar in honour of Y Akizuki (Tokyo) (1973) 453-493 
[Ma] Mather John, Stratifications and Mappings, in Dynamical Systems (ed.) M M Peixoto 
(Academic Press) (1973) 

[Ve] Verdier J-L, Stratifications Whitney et theorem de Bertini-Sard, Inv. Math. 36 (1976) 
295-312 



